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THE TOPOLOGICAL K-THEORY OF CRYSTALLOGRAPHIC
GROUPS WITH HOLONOMY Z/2
MARIO VELA´SQUEZ
Abstract. In this note we present a complete computation of the topological
K-theory of the reduced C*-algebra of a semidirect product of the form Γ =
Zn ⋊ρ Z/2 with no further assumptions about of the conjugacy action ρ. For
this, we use some results for Z/2-equivariant K-theory proved by Rosenberg
and previous results of Davis and Luck when the conjugacy action ρ is free
outside the origin.
1. Introduction
Let Γ be a crystallographic group with holonomy Z/2, it means that Γ is defined
by an extension
(1.1) 0→ Zn → Γ→ Z/2→ 0.
We denote by C∗r (Γ) to the reduced C*-algebra of Γ. In [DL13] the topological
K-theory of C∗r (Γ) is computed, under the assumption of free conjugacy action on
Z
n − {0}. In this note, we give a complete computation of K∗(C
∗
r (Γ)) avoiding
the above assumption. We use the Baum-Connes conjecture for Γ, reducing the
problem, to the computation of the Γ-equivariant K-homology of the classifying
space for proper actions EΓ. For details on the Baum-Connes conjecture consult
[Val02] and for a proof of the Baum-Conjecture for Γ see [HK01].
The computations are obtained following a very simple idea, firstly, Γ can be
decomposed as a pullback Γ1 ×Z/2 Γ2 over Z/2, where Γ1 has trivial conjugacy
action and Γ2 has free conjugacy action outside the origin. A model for EΓ is R
n
with the natural Γ-action, as Zn acts freely we have a natural isomorphism
KΓ
∗
(EΓ) ∼= K
Z/2
∗ ((S
1)n).
The pullback decomposition of Γ gives a decomposition of (S1)n as a cartesian
product (S1)r × (S1)n−r, where Z/2 acts trivially on the first component and non-
trivially on the second.
We start computing Z/2-equivariant K-theory of (S1)n as is defined in [Seg68], we
apply a Kunneth formula for Z/2-equivariant K-theory proved in [Phi87] and some
results in [Ros13] to the decomposition above, later we use a Universal Coefficient
Theorem for equivariant K-theory proved in [JL13] to obtain the computation of
KΓ
∗
(EΓ).
A similar procedure to compute the topological K-theory of crystallographic
groups with others holonomy groups is not possible at the moment, because there
is no generalizations of results in [Ros13] for finite groups with order greater than
2, mainly because the irreducible real representations of Z/n, (n > 2) are actually
complex.
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2. Kunneth Theorem for Z/2-equivariant K-theory
Throughout this note, K-theory or equivariant K-theory means complex topo-
logical K-theory with compact supports for locally compact Hausdorff spaces. Bott
periodicity implies that we will regard this theory as being Z/2-graded.
Let R = R(Z/2) be the representation ring of Z/2, which is isomorphic to
Z[t]/(t2 − 1), with t representing the 1-dimensional sign representation, this ring is
the coefficients for Z/2-equivariant K-theory, let I = (t − 1) be the augmentation
ideal and J = (t+1), each prime ideal p of R contains either I or J , and these are
the unique minimal prime ideals of R. We denote by Rp the localization of R at
the prime ideal p.
The group Z/2 has exactly two irreducible real representations, the trivial and
the sing, denoted by R and by R− respectively. From the sign representation we
can define some kind of equivariant twisted K-theory groups
K∗
Z/2,−(X) = K
∗
Z/2(X × R−).
The coefficients of this theory are K∗
Z/2.−({•})
∼= R/J ∼= I concentrated in even
degrees.
Let us consider the inclusion {0} → R−, it induces for every Z/2-space X a
homomorphism of R-modules
ϕ : K∗
Z/2,−(X)→ K
∗
Z/2(X),
in the other hand, consider the following composition:
K∗
Z/2(X)
Bott
−−−→ K∗
Z/2(X × R− × R−)→ K
∗
Z/2(X × R− × {0}).
It defines a homomorphism of R-modules
ψ : K∗
Z/2(X)→ K
∗
Z/2,−(X).
Proposition 2.1. For any Z/2-space X we have a natural diagram
K
∗
Z/2(X) : K
∗
Z/2(X)
ψ
..
K∗
Z/2,−(X).
ϕ
mm
Where the maps ϕ and ψ preserves the Z/2-grading and the composite in any order
is giving by multiplication by (1− t). Moreover if p ⊆ R is a prime ideal containing
I, then ψ and ϕ vanish after localizing at p.
Proof. [Ros13]. 
We have the following version of the Kunneth formula for Z/2-equivariant K-
theory, for a proof see [Phi87]
Theorem 2.2. Let X and Y be Z/2-spaces, let p ⊆ R be a prime ideal containing
J , with p 6= (J, 2) there is short exact sequence of Z/2-graded, Rp-modules
0→ KnG(X)p⊗RpK
m
G (Y )p
ωp
−−→ Km+nG (X×Y )p → Tor
Rp
1 (K
n
G(X)p,K
n+1
G (Y )p)→ 0.
Remark 2.3. When p contains I we have a Kunneth formula taking K∗
Z/2(−)
instead of K∗
Z/2(−) on Thm. 2.2, this is a result in [Ros13]. On the other hand, as
is observed in [Ros13], when p contains I, Thm. 2.2 is not true for K∗
Z/2(−) (as can
be observed taking X = Y = Z/2 with the transitive action), then it is necessary
to consider K∗
Z/2(−).
THE TOPOLOGICAL K-THEORY OF CRYSTALLOGRAPHIC GROUPS. 3
3. Crystallographic groups
Let Γ be a group defined by the extension 1.1, with the conjugation action of
Z/2 given by a homomorphism ρ : Z/2→ GL(n,Z). From now on we will suppose
that the conjugacy action is not free outside the origin.
Let H be the subgroup of Zn where Z/2 acts trivially, then there is r ≥ 1 and
a base {v1, . . . ,vn} of Z
n such that {v1, · · ·vr} is a base of H , in this base, the
homomorphism ρ : Z/2 → GL(n,Z) is determined by a matrix (the image of the
generator of Z/2) with the following form:
(
Ir 0
0 An−r
)
.
Where the conjugation action on the last n − r coordinates (denoted by ρn−r :
Z/2→ GL(n− r,Z)) is free outside the origin.
Let us consider the canonical action of Γ over Rn, as Zn acts freely, we have
K∗Γ(R
n) ∼= K∗Z/2((S
1)n).
Now we will use Theorem 2.2, considering X = (S1)r with the trivial Z/2-action
and Y = (S1)n−r with the Z/2-action determined by ρn−r. Note that K
∗
Z/2(X) can
be computed easily (being X a trivial Z/2-space) and K∗
Z/2(Y ) was computed in
[DL13].
As the Z/2-action onX is trivial, we have an isomorphism ofR-modulesK∗
Z/2(X)
∼=
R⊗Z K
∗(X). On the other hand
K∗(X) ∼=
{
Z
2r−1 ∗ = 0
Z
2r−1 ∗ = 1.
Then we have an isomorphism of R-modules
K∗
Z/2(X)
∼=
{
R2
r−1
∗ = 0
R2
r−1
∗ = 1.
We need to recall the following result from [Ros13].
Proposition 3.1. Let X be a locally compact Z/2-space. Then there is a natural
6-term exact sequence
K1(X) // K0
Z/2,−(X)
ϕ
// K0
Z/2(X)
f

K1
Z/2(X)
f
OO
K1
Z/2,−(X)
ϕ
oo K0(X)oo
where the vertical arrows denoted by f on the left and right are the forgetful maps
from equivariant to non-equivariant K-theory.
Now we have to determine the R-module structure of K∗
Z/2(Y ), first note that
K∗(Y ) ∼=
{
Z
2n−r−1 ∗ = 0
Z
2n−r−1 ∗ = 1.
Now we need to recall Thm. 7.1 in [DL13].
Proposition 3.2. (i) There is a split short exact sequence of R-modules
0→ K0(Y/(Z/2))→ K0
Z/2(Y )→ I
2n−r → 0
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(ii) K1
Z/2(Y ) = 0.
Where the R-module structure in K0(Y/(Z/2)) is determined by the augmenta-
tion map R
ǫ
−→ Z.
Proof. It is proved in Thm. 7.1 in [DL13], we only have to remark that the map
K0(Y/(Z/2))→ K0
Z/2(Y )
is the pullback of the quotient Y → Y/(Z/2) and is a homomorphism of R-modules,
in a similar way the map K0
Z/2(Y ) → I
2n−r is induced by the inclusion of repre-
sentatives of the conjugacy classes of finite non-trivial subgroups of Γ, then it is a
homomorphism of R-modules, then we have a short exact sequence of R-modules.
A splitting can be defined identifying the R-moduleK0(Y/(Z/2)) withK0(Y )Z/2
(it happens because both groups are torsion free as abelian groups), by the forgetful
map
K0
Z/2(Y )→ K
0(Y )Z/2.

Identifying the R-modules Z with J (it can be done because t ∈ R acts trivially)
and applying the above proposition, we obtain an isomorphism of R-modules
K0
Z/2(Y )
∼= J2
n−r−1
⊕ I2
n−r
.
Now we will use Thm. 2.2 to compute K∗
Z/2(X×Y )p for every prime ideal p ⊆ R
with p ⊇ J and p 6= (I, 2), in such case we have a short exact sequence
0→ K∗
Z/2(X)p⊗RpK
∗
Z/2(Y )p → K
∗
Z/2(X×Y )p → Tor
1
Rp(K
∗
Z/2(X)p,K
∗+1
Z/2 (Y )p)→ 0.
In this specific case as K∗
Z/2(X)p is a free Rp-module, we obtain that
Tor1Rp(K
∗
Z/2(X)p,K
∗+1
Z/2 (Y )p) = 0,
then we have
K∗
Z/2(X × Y )p
∼= K∗Z/2(X)p ⊗Rp K
∗
Z/2(Y )p
∼=
{
(Ip)
2n−1 ∗ = 0
(Ip)
2n−1 ∗ = 1.
In particular K∗
Z/2(X × Y )p is torsion free as abelian group. Now suppose p ⊇ I,
combining Prop. 3.1 and Prop. 2.1 applied toX×Y we obtain short exact sequences
0→ K1
Z/2(X × Y )p
f
−→ K1(X × Y )p → K
0
Z/2,−(X × Y )p → 0
0→ K0
Z/2(X × Y )p
f
−→ K0(X × Y )p → K
1
Z/2,−(X × Y )p → 0,
where we are considering K∗(X × Y ) as a R-module via the augmentation map
ǫ : R → Z, in particular, K∗
Z/2(X × Y )p can be considered as a submodule of
K∗(X × Y )p.
On the other hand, as X × Y is the n-torus we have an isomorphism of Rp-
modules
K∗(X × Y )p ∼=
{
J2
n−1
p
∗ = 0
J2
n−1
p
∗ = 1.
Then K∗
Z/2(X × Y )p ⊆ K
∗(X × Y )p is torsion free as abelian group.
As our final goal is to obtain the structure as abelian group we only need to
prove that the above information implies that K∗
Z/2(X × Y ) is torsion free (as
abelian group), it can be done in the following way.
Let M be a R-module, consider the Z-torsion module of M defined as
ZT (M) = {x ∈M | there is n ∈ Z− {0}, n · x = 0}.
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Note that ZT (M) is a R-submodule ofM , and moreover ZT (M)p can be considered
as a submodule of ZT (Mp), but the above computations imply that
ZT (K∗
Z/2(X × Y )p) = 0
for every prime ideal p ⊆ R, then we have
ZT (K∗
Z/2(X × Y )) = 0,
and then K∗
Z/2(X × Y ) is a torsion free Z/2-graded abelian group.
We only need to compute the rank of K∗
Z/2(X × Y ), it can be done by the well
know formula proved for example [AS89] or [LO01]
rk(K∗
Z/2(X × Y )) =
∑
g∈Z/2
rk(K∗(Xg × Y g)CG(g))
= rk(K∗(X × Y )Z/2) + rk(K∗(XZ/2 × Y Z/2))
= rk(K∗(X)) rk(K∗
Z/2(Y ))
=
{
3 · 2n−2 ∗ = 0
3 · 2n−2 ∗ = 1.
Then we obtain.
Theorem 3.3. Let Γ a group defined by an extension 1.1, where the action of Z/2
is not free outside the origin, then we have an isomorphism of abelian groups
K∗Γ(EΓ)
∼=
{
Z
3·2n−2 ∗ = 0
Z
3·2n−2 ∗ = 1.
4. Topological K-theory of the reduced group C*-algebra
Now we can compute Γ-equivariant K-homology groups of EΓ as is defined for
example in [JL13].
As K∗Γ(EΓ) is torsion free, the universal coefficient theorem for equivariant K-
theory (Thm. 0.3 in [JL13]) reduces to
KΓ
∗
(EΓ) ∼= homZ(K
∗
Γ(EΓ),Z)
∼=
{
Z
3·2n−2 ∗ = 0
Z
3·2n−2 ∗ = 1.
Finally by the Baum-Connes conjecture and previous results in [DL13] we obtain
a complete computation of the reduced group C*-algebra of the group Zn ⋊ Z/2.
Theorem 4.1. Let Γ a group defined by an extension 1.1. If the action of Z/2 is
not free outside the origin, then we have an isomorphism of abelian groups
K∗(C
∗
r (Z
n
⋊ Z/2)) ∼=
{
Z
3·2n−2 ∗ = 0
Z
3·2n−2 ∗ = 1,
if the action of Z/2 is free outside the origin
K∗(C
∗
r (Z
n
⋊ Z/2)) ∼=
{
Z
3.2n−1 ∗ = 0
0 ∗ = 1.
6 MARIO VELA´SQUEZ
References
[AS89] Michael Atiyah and Graeme Segal. On equivariant Euler characteristics. J. Geom. Phys.,
6(4):671–677, 1989.
[DL13] James F. Davis and Wolfgang Lu¨ck. The topological K-theory of certain crystallographic
groups. J. Noncommut. Geom., 7(2):373–431, 2013.
[HK01] Nigel Higson and Gennadi Kasparov. E-theory and KK-theory for groups which act
properly and isometrically on Hilbert space. Invent. Math., 144(1):23–74, 2001.
[JL13] Michael Joachim and Wolfgang Lu¨ck. Topological K-(co)homology of classifying spaces
of discrete groups. Algebr. Geom. Topol., 13(1):1–34, 2013.
[LO01] Wolfgang Lu¨ck and Bob Oliver. Chern characters for the equivariant K-theory of proper
G-CW-complexes. In Cohomological methods in homotopy theory (Bellaterra, 1998), vol-
ume 196 of Progr. Math., pages 217–247. Birkha¨user, Basel, 2001.
[Phi87] N. Christopher Phillips. Equivariant K-theory and freeness of group actions on C∗-
algebras, volume 1274 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1987.
[Ros13] Jonathan Rosenberg. The Ku¨nneth theorem in equivariant K-theory for actions of a cyclic
group of order 2. Algebr. Geom. Topol., 13(2):1225–1241, 2013.
[Seg68] Graeme Segal. Equivariant K-theory. Inst. Hautes E´tudes Sci. Publ. Math., (34):129–151,
1968.
[Val02] Alain Valette. Introduction to the Baum-Connes conjecture. Lectures in Mathematics
ETH Zu¨rich. Birkha¨user Verlag, Basel, 2002. From notes taken by Indira Chatterji, With
an appendix by Guido Mislin.
Departamento de Matema´ticas, Pontificia Universidad Javeriana, Cra. 7 No. 43-82 -
Edificio Carlos Ortz 6to piso, Bogota´ D.C, Colombia
E-mail address: mavelasquezm@gmail.com
URL: https://sites.google.com/site/mavelasquezm/
